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Abstract. The calculation of Kronecker products and plethysms of the infinite-dimensional
harmonic series unitary irreducible representations of the non-compact groupSp(2n,<) is
considered. The complementarity ofSp(2n,<) andO(k) is used to define associate irreducible
representations ofSp(2n,<). This leads to simple relationships between Kronecker products and
plethysms of irreducible representations ofSp(2n,<) and those of their corresponding associate
irreducible representations. In the process of proving the validity of these previously conjectured
relationships several new identities are found for plethysms involving infinite series of Schur
functions. In addition, a general formula for plethysms of arbitrary irreducible representations of
Sp(2n,<) is derived and its implementation is illustrated with a detailed example. A remarkable
analogy is then observed between plethysms of the basic harmonic irreducible representations
of Sp(2n,<) and those of the basic spin irreducible representations ofSO(2n).

1. Introduction

The symplectic groupSp(6,<) is well known as the dynamical group for a single particle
in an isotropic three-dimensional harmonic oscillator potential [1]. ForN -non-interacting
particles in an isotropic three-dimensional harmonic oscillator potential the group of interest
[2–6] is Sp(6N,<). In general, the groupSp(2n,<) is of relevance to symplectic models
of nuclei [4] and certain mesoscopic systems such as quantum dots [5, 6]. The irreducible
representations ofSp(2n,<) of interest in these problems are the infinite-dimensional
harmonic series unitary irreducible representations [7]. Methods of calculating their tensor
or Kronecker products in terms of infinite series of Schur functions [8, 9] (S-functions) have
been developed earlier [2, 3]. The corresponding problem of resolving symmetrized powers
or plethysms of the irreducible representations has also been tackled through the use of
infinite series of Schur functions [10–15]. It has been observed that explicit calculations
[16] of such plethysms seemed to imply some hitherto unnoticed conjugacy relationships
[14, 15]. The wish to prove these conjugacy relationships was the principal motivation
for developing the content of this paper. Central to their derivation is the use of the
complementarity ofSp(2n,<) and O(k) which is used to define associate irreducible
representations ofSp(2n,<). It is this that leads to the required conjugacy relationships
between both Kronecker products and plethysms of irreducible representations and their
associates inSp(2n,<). In the process of proving the most general possible form of these
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conjugacy relationships it has been necessary to establish a number of new identities and
lemmas relating to plethysms involving infinite series of Schur functions. In addition, a
general formula for the evaluation of plethysms of arbitrary harmonic series irreducible
representations ofSp(2n,<) is derived and illustrated with a detailed example. Finally,
detailed consideration is given to the very striking analogy between basic spin irreducible
representations ofSO(2n) and the basic harmonic irreducible representations ofSp(2n,<).
This leads to a simplification of earlier analyses [17] of the symmetrized squares and cubes
of the basic harmonic irreducible representations ofSp(2n,<). The results obtained in this
paper represent a further step towards the practical implementation of symplectic models of
many-particle systems.

2. Harmonic series unitary irreducible representations ofSp(2n,R)

Following the terminology and notation of an earlier paper [3], the harmonic series unitary
irreducible representations [7] ofSp(2n,<) are specified by symbols〈 12k(λ)〉, where
λ = (λ1, λ2, . . .) is a partition for which the conjugate partitionλ′ = (λ′1, λ′2, . . .) is such
that λ′1 + λ′2 6 k and λ′1 6 n. The relationship between a partition and its conjugate is
such that the parts ofλ and λ′ specify the row and column lengths, respectively, of the
corresponding Young diagramFλ. If λ is a partition ofm then the total number of boxes in
Fλ is m, which is sometimes referred to as theweight of λ. By the same token the number
of boxes,λ′1, in the first column ofFλ and the number,λ1, in the first row are referred to
as thelength andwidth, respectively, ofλ.

The two basic harmonic series irreducible representations may be denoted by
1̃+ = 〈 12(0)〉 and1̃− = 〈 12(1)〉. Their direct sum

1̃ = 1̃+ + 1̃− = 〈 12(0)〉 + 〈 12(1)〉 (2.1)

is the restriction toSp(2n,<) of the defining irreducible representation of the metaplectic
group Mp(2n,<), the two-sheeted covering group of the symplectic groupSp(2n,<).
As a representation ofSp(2n,<) the basic harmonic or metaplectic representation1̃ is
an example of the unitary ray representations introduced for all Lie groups by Bargmann
[18]. More precisely it is the infinite-dimensional double-valued projective representation
of Sp(2n,<) studied in the mathematics literature by Segal [19], Shale [20] and Weil [21],
and independently in the physics literature by Moshinsky and Quesne [22]. The connection
with the metaplectic groupMp(2n,<) is made by Weil [21], while both Shale [20] and
Moshinsky and Quesne [22] point out that the metaplectic representation1̃ is the analogue
for Sp(2n,<) of the basic spin representation ofO(2n). The wider class of harmonic series
irreducible representations studied here were first introduced by Kashiwara and Vergne [7]
as new unitary representations of the metaplectic groupMp(2n,<) arising as irreducible
components of tensor powers of1̃.

It is convenient to gather together some known facts about these harmonic series
irreducible representations: their behaviour on restriction fromSp(2n,<) to the maximal
compact subgroupU(n); the decomposition of their tensor products; the relationship
between their symmetrized products and the branching rule for the restriction ofO(k)

to the symmetric groupSk.
All of these facts can be deduced by exploiting the fact that the pair of groups

Sp(2n,<) andO(k) are a dual pair with respect toMp(2nk,<) in the sense of Howe
[23] or, equivalently, a complementary pair of subgroups ofSp(2nk,<) in the sense of
Moshinsky and Quesne [22]. This duality or complementarity is such that on restriction
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from Sp(2nk,<) to Sp(2n,<)×O(k) we have the branching rule:

1̃→
∑
λ

〈 12k(λ)〉 × [λ] (2.2)

where the summation is over all thoseλ such that

λ′1+ λ′2 6 k and λ′1 6 n. (2.3)

Under restriction fromSp(2n,<) to its maximal compact subgroupU(n) we have [2, 3]

〈 12k(λ)〉 →
∑
µ

εk/2R
µ
λ {µ}, (2.4)

where the summation is over all thoseµ such that

µ′1 6 min(k, n) (2.5)

andε = {1n} is the one-dimensional irreducible representation ofU(n) in which each group
element is mapped to its determinant. The coefficientsR

µ
λ are defined by the branching rule

for the restriction fromU(k) to O(k):

{µ} →
∑
λ

R
µ
λ [λ]. (2.6)

The particular significance of (2.4) is not just that it defines the decomposition of
the restriction of the irreducible representation〈 12k(λ)〉 of Sp(2n,<) into irreducible
representations ofU(n), but that it serves to define completely the character of〈 12k(λ)〉
sinceSp(2n,<) andU(n) are of the same rank,n. Furthermore, since every harmonic
series representation obtained by taking some arbitrary linear combination of products of
the unitary irreducible representations〈 12k(λ)〉 is itself unitary, it is fully reducible and its
irreducible content is completely determined by its character. Since this may be evaluated
at the level ofU(n), as on the right-hand side of (2.4), identities between characters at the
level ofU(n) imply corresponding identities, up to equivalence, between representations at
the level ofSp(2n,<). This is exploited in what follows.

In order to evaluate explicitly the branching rule coefficients in (2.6) it is convenient to
note that it can be expressed in the form [24]

{µ} → [µ/D] (2.7)

where

D =
∑
δ

{δ} = {0} + {2} + {4} + {22} + · · · (2.8)

in which the summation is over all partitionsδ having just even parts, and/ signifies an
S-function quotient. This can then be used [2, 3] to rewrite the branching rule (2.4) in the
form

〈 12k(λ)〉 → εk/2 · {λs}k ·D (2.9)

where{λs}k is the signed sequence [2, 3]

{λs}k =
∑
µ

ηλµ{µ} (2.10)

with the summation extending over allµ with µ′1 6 k such that [µ] = ηλµ[λ] under the
modification rules [24] ofO(k). The non-vanishing coefficientsηλµ are all±1. The symbol
· in (2.8) signifies anS-function product corresponding precisely to a tensor or Kronecker
product inU(n). For givenn it is only necessary to retain those terms{ν} in the products
(2.8) for whichν ′1 6 n.
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It should be noted that in the casek = 1 the restriction fromSp(2n,<) to U(n) is such
that the basic harmonic irreducible representations decompose in accordance with the rules

1̃+ = 〈 12(0)〉 → ε1/2M+ (2.11a)

1̃− = 〈 12(1)〉 → ε1/2M− (2.11b)

where

M+ =
∑

m:m even

{m} = {0} + {2} + {4} + · · · (2.12a)

M− =
∑

m:m odd

{m} = {1} + {3} + {5} + · · · . (2.12b)

It has been shown [2] that the tensor product of a pair of unitary harmonic series
irreducible representations ofSp(2n,<) decomposes in accordance with the rule

〈 12k(µ)〉 × 〈 12`(ν)〉 =
∑
λ

K
µν
λ 〈 12(k + `)(λ)〉 (2.13)

where the coefficientsKµν
λ are the branching rule coefficients appropriate to the restriction

O(k + `)→ O(k)×O(`):
[λ] →

∑
µν

K
µν
λ [µ] × [ν]. (2.14)

In general, it is not so straightforward to decompose symmetrized powers or plethysms
of irreducible representations ofSp(2n,<). Let ρ be a partition ofk. Then in the case of
the metaplectic representatioñ1, its correspondingk-fold symmetrized power decomposes
in accordance with the rule [10, 11]

1̃⊗ {ρ} =
∑
λ

bλρ〈 12k(λ)〉 (2.15)

where the coefficientsbλρ are the branching rule coefficients appropriate to the restriction
O(k)→ Sk

[λ] →
∑
ρ

bλρ(ρ) (2.16)

where here the summation is carried out over all partitionsρ of k. The coefficientsbλρ may
be found by noting that [25]

[λ] → (k − 1, 1)⊗ {λ/G} (2.17)

where

G =
∑
ε

(−1)(e−r)/2{ε}

= {0} + {1} − {21} − {22} + {312} + {321} − · · · (2.18)

in which the summation is over all self-conjugate partitionsε with e equal to the weight of
ε and r equal to its Frobenius rank, that is the number of boxes on the main diagonal of
the corresponding Young diagramFε.
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3. Associate irreducible representations ofSp(2n,R)

It is well known [8, 24] that corresponding to each irreducible representation [λ] of the
full orthogonal groupO(k) there exists an associate irreducible representation [λ]∗. The
relationship between these irreducible representations is such that if [λ] : A 7→ [λ](A) for
each group elementA of O(k), then [λ]∗ : A 7→ [λ]∗(A) = detA·[λ](A). Since detA = ±1
for all A ∈ O(k), it follows that ([λ]∗)∗ = [λ].

In terms of the partitions used to label irreducible representations ofO(k), if the partition
λ labelling [λ] has conjugateλ′ = (λ′1, λ′2, λ′3, . . .) then the partitionλ∗ labelling [λ]∗, which
is referred to as thek-associate ofλ, has conjugateλ∗′ = (k−λ′1, λ′2, λ′3, . . .). Equivalently,
thek-associateλ∗ of the partitionλ is defined by the Young diagramFλ

∗
obtained from the

Young diagramFλ by taking the complement of the first column with respect to a column
of lengthk.

It should be noted that for each irreducible representation [λ] of O(k) the corresponding
partitionλ isO(k)-standard in the sense thatλ′1+λ′2 6 k. This is precisely what is required
to guarantee thatk−λ′1 > λ′2 so thatλ∗ is a partition. Similarly the fact thatλ is a partition
guarantees thatλ′1 > λ′2 so thatλ∗′1+λ∗′2 = k−λ′1+λ′2 6 k. Thusλ∗ is alsoO(k)-standard.

As a special case of the above it should be noted that the associate of the identity
irreducible representation [0] is just the irreducible representation [0]∗ = [1k] in which each
group elementA of O(k) is mapped to its determinant. More generally

[λ]∗ = [λ∗] = [λ] · [0]∗ = [λ] · [1k]. (3.1)

Returning toSp(2n,<), it is natural thanks to (2.2) to associate with each irreducible
representation〈 12k(λ)〉 of Sp(2n,<) an associate irreducible representation〈 12k(λ)〉∗. The
complementarity betweenSp(2n,<) andO(k) embodied in (2.2) then leads to the following
definition.

Definition 3.1.For all k 6 n the associate〈 12k(λ)〉∗ of the irreducible representation〈 12k(λ)〉
of Sp(2n,<) is defined by

〈 12k(λ)〉∗ = 〈 12k(λ∗)〉 (3.2)

whereλ∗ is thek-associate ofλ.

As a special case of this withk = 1 it is clear that

(1̃+)∗ = 〈 12(0)〉∗ = 〈 12(1)〉 = 1̃− (3.3a)

(1̃−)∗ = 〈 12(1)〉∗ = 〈 12(0)〉 = 1̃+. (3.3b)

With this notation and terminology it is not difficult to establish the following.

Proposition 3.2. If under the restriction fromSp(2n,<) → U(n) each irreducible
representation〈 12k(λ)〉 decomposes in such a way that

〈 12k(λ)〉 →
∑
µ

εk/2R
µ
λ {µ} (3.4)

then fork 6 n the associate irreducible representation〈 12k(λ)∗〉 decomposes in accordance
with the rule

〈 12k(λ)〉∗ →
∑
µ

εk/2R
µ
λ {µ}/{1k} (3.5)

where/ signifies anS-function quotient.
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Proof. In (3.4) it should be noted thatRµλ is defined by theU(k) → O(k) branching
rule (2.6). However, inU(k) for all ν such thatν ′1 6 k we have{ν} · {1k} = {µ} with
µ′1 = k whereFµ is obtained fromFν by adding a leftmost column of lengthk. Under the
restriction fromU(k) to O(k) we have

{µ} = {ν} · {1k} →
∑
κ

Rνκ [κ] · [1k] =
∑
κ

Rνκ [κ∗] =
∑
λ

Rνλ∗ [λ]. (3.6)

It then follows by comparison with (2.6) that

Rνλ∗ = Rµλ where{µ} = {ν} · {1k} and{ν} = {µ}/{1k}. (3.7)

Hence, under restriction fromSp(2n,<) to U(n), provided thatn > k, we have

〈 12k(λ)〉∗ = 〈 12k(λ∗)〉 →
∑
ν:ν ′16k

εk/2Rνλ∗ {ν} =
∑
µ:µ′1=k

εk/2R
µ
λ {µ}/{1k}

=
∑
µ:µ′16k

εk/2R
µ
λ {µ}/{1k} (3.8)

where the last step follows from the fact that{µ}/{1k} = 0 if µ′1 < k. This completes the
proof. �

The consistency of proposition 3.2 with what we know of the branching rules (2.10)
of the basic harmonic irreducible representations is easy to verify. In this case we have
k = 1 and as we have seeñ1± → ε1/2M±. It then follows from proposition 3.2 that
(1̃±)∗ → ε1/2M±/{1} = ε1/2M∓ as can be seen from (2.11) since{m}/{1} = {m − 1} for
m > 0 and{0}/{1} = 0. This is in accord with (2.10) since(1̃±)∗ = 1̃∓ → ε1/2M∓.

4. Tensor products of harmonic series irreducible representations ofSp(2n,R) and
their associates

As in the previous section it is straightforward to exploit definition 3.1 and theSp(2n,<)
tensor product rule (2.10) to establish the following.

Proposition 4.1.

〈 12k(µ)〉∗ × 〈 12`(ν)〉∗ = (〈 12k(µ)〉 × 〈 12`(ν)〉)∗ (4.1)

where on the left-hand side the symbols∗ indicatek- and`-associates, and on the right-hand
side(k + `)-associates.

Proof. It should first be noted that under the restriction fromO(k + `) to O(k)×O(`) we
have in the notation of (2.11) and (3.1)

[λ]∗ = [λ∗] →
∑
µ,ν

K
µν
λ∗ [µ] × [ν]. (4.2)

However, (2.11) and (3.1) also imply

[λ]∗ = [λ] · [1k+`] →
∑
µ,ν

K
µν
λ ([µ] × [ν]) · ([1k] × [1`]) =

∑
µ,ν

K
µν
λ ([µ] · [1k])× ([ν] · [1`])

=
∑
µ,ν

K
µν
λ [µ]∗ × [ν]∗ =

∑
µ,ν

K
µ∗ν∗
λ [µ] × [ν] (4.3)

where in the first step advantage has been taken of the fact that [1k+`](A) = detA = detB
detC = [1k](B)[1`](C) for anyA = B × C in O(k)×O(`).
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Comparing (4.2) and (4.3), we have

K
µ∗ν∗
λ = Kµν

λ∗ . (4.4)

It then follows that

〈 12k(µ)〉∗ × 〈 12`(ν)〉∗ = 〈 12k(µ∗)〉 × 〈 12`(ν∗)〉 =
∑
λ

K
µ∗ν∗
λ 〈 12(k + `)(λ)〉

=
∑
λ

K
µν
λ∗ 〈 12(k + `)(λ)〉 =

∑
λ

K
µν
λ 〈 12(k + `)(λ∗)〉 =

∑
λ

K
µν
λ 〈 12(k + `)(λ)〉∗

= (〈 12k(µ)〉 × 〈 12`(ν)〉)∗ (4.5)

as required. �

5. Symmetrized powers of the basic harmonic irreducible representations of
Sp(2n,R)

First of all it should be pointed out that for the harmonic or metaplectic representation1̃

of Sp(2n,<) we have the following.

Proposition 5.1.The k-fold symmetrized powers of̃1 are such that

(1̃⊗ σ)∗ = 1̃⊗ σ ′ (5.1)

for each partitionσ of k.

Proof. In the notation of (2.15), the branching rule for the restriction fromO(k) to Sk is
such that

[λ] →
∑
τ

bλτ (τ ) and [λ∗] →
∑
σ

bλ
∗
σ (σ ). (5.2)

However,

[λ∗] = [λ]∗ = [λ] · [0∗] = [λ] · [1k] →
∑
τ

bλτ (τ · (1k)) =
∑
τ

bλτ (τ
′) =

∑
σ

bλσ ′(σ ). (5.3)

Comparing (5.2) and (5.3) gives

bλ
∗
σ = bλσ ′ . (5.4)

Using this and (2.14) we then have

1̃⊗ σ ′ =
∑
λ

bλσ ′ 〈 12k(λ)〉 =
∑
λ

bλ
∗
σ 〈 12k(λ)〉 =

∑
λ

bλσ 〈 12k(λ∗)〉

=
∑
λ

bλσ 〈 12k(λ)〉∗ = (1̃⊗ σ)∗ (5.5)

as required. �

This result (5.1) for the metaplectic representation1̃ may be refined so as to provide
information on the symmetrized powers of the basic harmonic irreducible representations
1̃±. It has been conjectured [14, 15] on the basis of extensive calculations of such
symmetrized powers [16] that:

Proposition 5.2. The symmetrizedk-fold powers of the basic harmonic irreducible
representations̃1± of Sp(2n,<) are such that

(1̃± ⊗ {ρ})∗ = 1̃∓ ⊗ {ρ ′} (5.6)

for each partitionρ of k.
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In order to prove this result it is helpful first to establish two lemmas. First of all
we need a generalization of Littlewood’s conjugacy formula [26] which states that for any
partition σ of k we have

({σ } ⊗ {ρ})′ =
{ {σ ′} ⊗ {ρ} if k is even

{σ ′} ⊗ {ρ ′} if k is odd.
(5.7)

The requisite generalization of (5.7) takes the following form.

Lemma 5.3.Let S be an arbitrary representation ofU(n) of the form

S =
∑
σ

{σ } (5.8)

where repetitions are allowed but each summand{σ } has the same fixed parityηS in the
sense that ifσ is a partition ofk then k ≡ ηS (mod 2) with ηS fixed to be either 0 or 1.
Then

(S ⊗ {ρ})′ =
{
S ′ ⊗ {ρ} if ηS = 0

S ′ ⊗ {ρ ′} if ηS = 1
(5.9)

whereS ′ is obtained fromS by conjugating each summand.

Proof. The result is valid by virtue of Littlewood’s conjugacy formula (5.7) ifS has one
summand{σ }. We assume that it is valid for allT with one fewer summand, say{σ }, than
S. Writing S = T + {σ } we then have

(S ⊗ {ρ})′ = ((T + {σ })⊗ {ρ})′

=
(∑

µν

cρµν(T ⊗ {µ})({σ } ⊗ {ν})
)′

=
∑
µν

cρµν(T ⊗ {µ})′({σ } ⊗ {ν})′

=


∑
µν

cρµν(T
′ ⊗ {µ})({σ ′} ⊗ {ν}) if ηT = 0

∑
µν

cρµν(T
′ ⊗ {µ′})({σ ′} ⊗ {ν ′}) if ηT = 1

=


∑
µν

cρµν(T
′ ⊗ {µ})({σ ′} ⊗ {ν}) if ηT = 0

∑
µ′ν ′

c
ρ ′
µ′ν ′(T

′ ⊗ {µ′})({σ ′} ⊗ {ν ′}) if ηT = 1

=
{
(T ′ + {σ ′})⊗ {ρ}) if ηT = 0

(T ′ + {σ ′})⊗ {ρ ′}) if ηT = 1

=
{
(S ′ ⊗ {ρ}) if ηS = 0

(S ′ ⊗ {ρ ′}) if ηS = 1
(5.10)

where use has been made of the fact thatηS = ηT . The coefficientscρµν are just the
Littlewood–Richardson coefficients [8, 9] determined by the tensor product rule forU(n),

{µ} · {ν} =
∑
ρ

cρµν{ρ} (5.11)
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which satisfy the conjugacy relation

c
ρ ′
µ′ν ′ = cρµν. (5.12)

This completes the inductive proof of lemma 5.3. �

Our second lemma takes the following form:

Lemma 5.4.For each partitionρ of k

(M± ⊗ {ρ})/{1k} = M∓ ⊗ {ρ ′}. (5.13)

Proof. The branching rule for the restriction fromU(n) to U(1)×U(n− 1) takes the form

{µ} →
µ1∑
a=0

za{µ}/{a} (5.14)

where it has been convenient to denote the character{1} of U(1) simply by z, and{a} by
za. In the special case{µ} = {1m} this gives

{1m} →
1∑
a=0

za{1m}/{a} = {1m} + z{1m−1}. (5.15)

Taking thek-fold symmetrized power specified by a partitionρ of k gives

{1m} ⊗ {ρ} →
k∑
b=0

zb({1m} ⊗ {ρ})/{b}

= ({1m} + z{1m−1}))⊗ {ρ}. (5.16)

Equating the coefficients of the terms inzk gives

({1m} ⊗ {ρ})/{k} = {1m−1} ⊗ {ρ}. (5.17)

Applying Littlewood’s conjugacy formula (5.7) to both sides of (5.17) gives

({m} ⊗ {σ })/{1k} = {m− 1} ⊗ {σ ′}. (5.18)

All this can be generalized. If we setQ± = M ′± so that

Q+ =
∑

m:m even

{1m} = {0} + {12} + {14} + · · · (5.19a)

Q− =
∑

m:m odd

{1m} = {1} + {13} + {15} + · · · (5.19b)

then under the restrictionU(n)→ U(1)× U(n− 1)

Q± →
1∑
a=0

zaQ±/{a} = Q± + zQ∓ (5.20)

and hence

Q± ⊗ {ρ} →
k∑
b=0

zb(Q± ⊗ {ρ})/{b} = (Q± + zQ∓))⊗ {ρ}. (5.21)

Once again equating the coefficients of the terms inzk gives

(Q± ⊗ {ρ})/{k} = {Q∓ ⊗ {ρ}. (5.22)

Our required result (5.13) then follows from our conjugacy lemma 5.3 since the terms of
Q+ are of parityηQ+ = 0 and those ofQ− are of parityηQ− = 1, whileQ′± = M±. �
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Armed with lemma 5.4 we are now in a position to prove proposition 5.2.

Proof of Proposition 5.2.For any partitionρ of k all the irreducible representations in the
k-fold symmetrized power̃1± ⊗ {ρ} are of the form〈 12k(λ)〉. It then follows from (2.10),
proposition 3.2 and lemma 5.4 that

(1̃± ⊗ {ρ})∗ → ((ε1/2M±)⊗ {ρ})/{1k} = εk/2(M± ⊗ {ρ})/{1k} = εk/2(M∓ ⊗ {ρ ′}). (5.23)

Comparing this with

1̃∓ ⊗ {ρ ′} → (ε1/2M∓)⊗ {ρ ′} = εk/2(M∓ ⊗ {ρ ′}) (5.24)

suffices to prove (5.6). �

Remarkably, as indicated through the calculation of numerous examples [16].
Proposition 5.2, may be generalized to give the following.

Proposition 5.5.For any partitionρ of r, the correspondingr-fold symmetrized power of
the associate irreducible representation〈 12k(λ)〉∗ of Sp(2n,<) is such that

〈 12k(λ)〉∗ ⊗ {ρ} =
{
(〈 12k(λ)〉 ⊗ {ρ})∗ if k is even

(〈 12k(λ)〉 ⊗ {ρ ′})∗ if k is odd
(5.25)

where the∗ on the left signifies ak-associate, while those on the right signifykr-associates.

To prove this proposition the first task is to generalize lemma 5.4.

Lemma 5.6.Let S be an arbitrary representation ofU(n) of the form

S =
∑
σ :σ ′16k

{σ } (5.26)

where repetitions are allowed but each summand{σ } has the same fixed parityηS and
σ ′1 6 k. Then for each partitionρ of r

(S/{1k})⊗ {ρ} =
{
(S ⊗ {ρ})/{1kr} if k is even

(S ⊗ {ρ ′})/{1kr} if k is odd.
(5.27)

Proof. Let {µ} be an irreducible representation ofU(n) with µ1 6 k andµ a partition of
m. Then taking ther-fold symmetrized power of{µ} specified byρ and restricting from
U(n) to U(1)× U(n− 1) as in (5.14) gives

kr∑
b=0

zb({µ} ⊗ {ρ})/{b} =
( k∑
a=0

za{µ}/{a}
)
⊗ {ρ}. (5.28)

Comparing terms inzkr on both sides of this equation gives the identity

({µ}/{k})⊗ {ρ} = ({µ} ⊗ {ρ})/{kr}. (5.29)

Taking the conjugate of the left-hand side gives

(({µ}/{k})⊗ {ρ})′ =
{
({µ′}/{1k})⊗ {ρ} if m− k is even

({µ′}/{1k})⊗ {ρ ′} if m− k is odd
(5.30)
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while the conjugate of the right-hand side gives

(({µ} ⊗ {ρ})/{kr})′ =
{
({µ′} ⊗ {ρ})/{1kr} if m is even

({µ′} ⊗ {ρ ′})/{1kr} if m is odd.
(5.31)

Comparing (5.30) and (5.31) and settingσ = µ′ gives the conjugate of (5.29), namely

({σ }/{1k})⊗ {ρ} =
{
({σ } ⊗ {ρ})/{1kr} if k is even

({σ } ⊗ {ρ ′})/{1kr} if k is odd.
(5.32)

It should be recalled that this only applies ifσ ′1 = µ1 6 k. However, by hypothesis all the
summands{σ } of S in (5.26) are of this type. Moreover, all the summands are of the same
parity ηS . This allows us to replace{µ} = {σ ′} by S ′ in both (5.28) and (5.29) to give

kr∑
b=0

zb(S ′ ⊗ {ρ})/{b} =
( k∑
a=0

zaS ′/{a}
)
⊗ {ρ} (5.33)

and

(S ′/{k})⊗ {ρ} = (S ′ ⊗ {ρ})/{kr}. (5.34)

SettingT = S ′/{k} so thatηT = ηS if k is even andηT = 1−ηS if k is odd, it then follows
from lemma 5.3 that taking the conjugate of the left-hand side of (5.34) gives

((S ′/{k})⊗ {ρ})′ =
{
(S/{1k})⊗ {ρ} if ηT = 0

(S/{1k})⊗ {ρ ′} if ηT = 1.
(5.35)

Similarly from lemma 5.3 taking the conjugate of the right-hand side of (5.34) gives

((S ′ ⊗ {ρ})/{kr})′ =
{
(S ⊗ {ρ})/{1kr} if ηS = 0

(S ⊗ {ρ ′})/{1kr} if ηS = 1.
(5.36)

Comparing (5.35) and (5.36) gives the conjugate of (5.34), namely

(S/{1k})⊗ {ρ} =
{
(S ⊗ {ρ})/{1kr} if k is even

(S ⊗ {ρ ′})/{1kr} if k is odd
(5.37)

as required in order to prove lemma 5.6. �

This now allows us to prove proposition 5.5.

Proof. First of all, under the restrictionSp(2n,<)→ U(n) we have from (2.4)

〈 12k(λ)〉 →
∑
µ

εk/2R
µ
λ {µ} = εk/2S (5.38)

with S as in lemma 5.6. It follows that

〈 12k(λ)〉 ⊗ {ρ} → (εk/2S)⊗ {ρ} = εkr/2S ⊗ {ρ}. (5.39)

Taking the k-associate of (5.38) and using proposition 3.2 then gives under the same
restriction fromSp(2n,<)→ U(n)

〈 12k(λ)〉∗ →
∑
µ

εk/2R
µ
λ {µ}/{1k} = εk/2S/{1k}. (5.40)



6680 R C King and B G Wybourne

Taking the r-fold symmetrized product of (5.40) specified by the partitionρ and using
lemma 5.6 then gives

〈 12k(λ)〉∗ ⊗ {ρ} → εkr/2(S/{1k})⊗ {ρ} =
{
εkr/2(S ⊗ {ρ})/{1kr} if k is even

εkr/2(S ⊗ {ρ ′})/{1kr} if k is odd.
(5.41)

On the other hand, taking thekr-associate of (5.39) and using proposition 3.2 gives

(〈 12k(λ)〉 ⊗ {ρ})∗ → εkr/2(S ⊗ {ρ})/{1kr}. (5.42)

Replacingρ by ρ ′ then gives

(〈 12k(λ)〉 ⊗ {ρ ′})∗ → εkr/2(S ⊗ {ρ ′})/{1kr}. (5.43)

Hence, comparing (5.41) with (5.42) and (5.43) it follows that

〈 12k(λ)〉∗ ⊗ {ρ} =
{
(〈 12k(λ)〉 ⊗ {ρ})∗ if k is even

(〈 12k(λ)〉 ⊗ {ρ ′})∗ if k is odd
(5.44)

as required. �

6. Symmetrized powers of arbitrary harmonic series irreducible representations of
Sp(2n,R)

It is possible to exploit the remarks following (2.6) and the branching rule (2.9) from
Sp(2n,<) to U(n) to derive the following general formula for symmetrized powers or
plethysms of arbitrary harmonic series irreducible representations ofSp(2n,<).

Proposition 6.1.Let the partitionλ be such thatλ′1 + λ′2 6 k andλ′1 6 n and letρ be an
arbitrary partition ofr, then

〈 12k(λ)〉 ⊗ {ρ} =
∑
µ

x
µ
λρ〈 12kr(µ)〉 (6.1)

where the summation is over all partitionsµ satisfying the constraintsµ′1 + µ′2 6 kr and
µ′1 6 n, and the coefficientsxµλρ are determined by the expansion

(({λs}k ·D)⊗ {ρ}) · C =
∑
µ

x
µ
λρ{µs}kr (6.2)

with C = D−1.

Proof. Under the restriction fromSp(2n,<) to U(n) the branching rule (2.9) takes the form

〈 12k(λ)〉 → εk/2 · {λs}k ·D. (6.3)

Hence, for each partitionρ of r, the correspondingr-fold symmetrized power of this
irreducible representation decomposes in accordance with the formula

〈 12k(λ)〉 ⊗ {ρ} → (εk/2 · {λs}k ·D)⊗ {ρ}
= εkr/2 · (({λs}k ·D)⊗ {ρ})
= εkr/2 · (({λs}k ·D)⊗ {ρ}) ·D−1D

= εkr/2 · ((({λs}k ·D)⊗ {ρ}) ·D−1) ·D. (6.4)

However, in the notation of (6.2), it follows once again from the branching rule (2.9) that

〈 12k(λ)〉 ⊗ {ρ} =
∑
µ

x
µ
λρ〈 12kr(µ)〉 → εkr/2

(∑
µ

x
µ
λρ{µs}kr

)
·D. (6.5)
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Comparison of (6.4) and (6.5) then completes the proof since, as noted following (2.6),
identities at the level of theirU(n) content are sufficient to imply identities between
representations ofSp(2n,<). �

In making use of the formula (6.2) to evaluate the plethysm coefficients in (6.1) it is
possible to make one or two simplifications. While the product of the signed sequence and
D-series appearing in the branching rule (2.9) is a product of two infinite series, all surviving
terms {ν} in the product willautomatically be such thatν ′1 6 k. Since the products are
carried out inU(n) all the surviving terms are alsoautomatically such thatν ′1 6 n. It
follows that (2.9) is equivalent to [3]

〈 12k(λ)〉 → εk/2 · ({λs}kN ·DN)N (6.6)

whereN = min(n, k), with the various series and products all being evaluated inU(N).
In precisely the same way, the plethysm and subsequent product withC in (6.2) may be
evaluated inU(M) whereM = min(kr, n) so that (6.2) may be replaced by

((({λs}kN ·DN)N ⊗ {ρ})M · CM)M =
∑
µ

x
µ
λρ{µs}krM. (6.7)

Finally, it should be noted that in order to read off the required plethysm coefficients from
the expansion (6.7) it is only necessary to look at the leading term{µ} in each signed
sequence{µs}krM , since it is only the leading term of each signed sequence which satisfies
the requiredO(kr)-standardness conditionµ′1+ µ′2 6 kr.

We illustrate the diverse features of such calculations by the evaluation of the plethysm
〈2(21)〉⊗{21} for Sp(24,<) as an explicit expansion in terms of irreducible representations
of the form〈6(µ)〉 with the partitionµ restricted, for convenience, to have weight618 and
width 63. Here we havek = 4 andn = 12 so thatN = min(k, n) = 4. Hence the signed
sequence, evaluated using the modification rules ofO(4), but restricted to terms standard
in U(4), has just the two terms

{21s}44 = {21} − {231} (6.8)

both of which have width63. The terms in theD-series restricted to width63 and length
64 are

{0} + {2} + {22} + {23} + {24}. (6.9)

Evaluation, inU(4), of the tensor product of (6.8) with (6.9) yields the terms of width63 as

A = {21} + {221} + {312} + {32} + {3212} + {322} + {321} + {3221}. (6.10)

The plethysm ofA ⊗ {21} is now to be evaluated in the groupU(12) sincek = 4, r = 3
andn = 12 so thatM = min(kr, n) = 12. Keeping all terms of width63 and of weight
618 gives

{241} + {2413} + 2{251} + {2513} + 2{261} + {271} + {3214} + 2{32212} + 3{32214}
+{323} + 9{32312} + 5{32314} + 6{324} + 15{32412} + 4{32414} + 10{325}
+11{32512} + {32514} + 7{326} + 3{32612} + 2{327} + {3213} + 2{3215}
+3{3221} + 12{32213} + 7{32215} + 18{32221} + 33{322213} + 9{322215}
+45{32231} + 40{322313} + 5{322315} + 54{32241} + 23{322413}
+31{32251} + 12{3312} + 20{3314} + 5{3316} + 10{332} + 60{33212}
+51{33214} + 7{33216} + 40{3322} + 117{332212} + 51{332214} + 71{3323}
+111{332312} + 67{3324} + 32{341} + 70{3413} + 31{3415} + 120{3421}
+137{34213} + 181{34221} + 28{35} + 116{3512} + 92{352}. (6.11)
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We now form the tensor product, inU(12), of the above terms with the following terms of
width 63 of theC-series:

{0} − {2} + {31} − {32}. (6.12)

Keeping only terms in the tensor product up to width 3 and weight 18 yields

{241} + {2413} + {251} − {2613} − {271} − {281} + {3214} + 2{32212} + 2{32214} + {323}
+6{32312} + {32314} + 4{324} + 4{32412} − {32414} + 3{325} − 4{32512}
−2{32514} − 3{326} − 6{32612} − 4{327} + {3213} + {3215} + 3{3221}
+8{32213} + 3{32215} + 12{32221} + 12{322213} + 16{32231} − 3{322315}
−12{322413} − 16{32251} + 8{3312} + 8{3314} + 7{332} + 24{33212}
+7{33214} + 16{3322} + 16{332212} − 7{332214} + 9{3323} − 16{332312}
−9{3324} + 13{341} + 13{3413} + 25{3421} + 6{35} + 6{3512} + 6{352}.

(6.13)

The terms may now be grouped together into sets ofO(12) signed sequences. Thus, for
example,{241s}12

12 = {241} − {281}. Alternatively, bearing in mind that for the purposes of
determining plethysm coefficients it is only necessary to retain the leadingO(12)-standard
term in each such signed sequence, (6.13) may simply be restricted to those terms{µ} for
which µ′1+ µ′2 6 12. The surviving terms are

{241} + {2413} + {251} + {3214} + 2{32212} + 2{32214} + {323} + 6{32312} + {32314}
+4{324} + 4{32412} + 3{325} + {3213} + {3215} + 3{3221} + 8{32213}
+3{32215} + 12{32221} + 12{322213} + 16{32231} + 8{3312} + 8{3314}
+7{332} + 24{33212} + 7{33214} + 16{3322} + 16{332212} + 9{3323}
+13{341} + 13{3413} + 25{3421} + 6{35} + 6{3512} + 6{352}. (6.14)

These irreducible representations ofU(12) can now be converted back into the irreducible
representations ofSp(24,<), to which they correspond in a one-to-one manner, by the
simple insertion of a 6 and a change toSp(24,<) notation to give

〈6(241)〉 + 〈6(2413)〉 + 〈6(251)〉 + 〈6(3214)〉 + 2〈6(32212)〉 + 2〈6(32214)〉 + 〈6(323)〉
+6〈6(32312)〉 + 〈6(32314)〉 + 4〈6(324)〉 + 4〈6(32412)〉 + 3〈6(325)〉
+〈6(3213)〉 + 〈6(3215)〉 + 3〈6(3221)〉 + 8〈6(32213)〉 + 3〈6(32215)〉
+12〈6(32221)〉 + 12〈6(322213)〉 + 16〈6(32231)〉 + 8〈6(3312)〉 + 8〈6(3314)〉
+7〈6(332)〉 + 24〈6(33212)〉 + 7〈6(33214)〉 + 16〈6(3322)〉 + 16〈6(332212)〉
+9〈6(3323)〉 + 13〈6(341)〉 + 13〈6(3413)〉 + 25〈6(3421)〉 + 6〈6(35)〉
+6〈6(3512)〉 + 6〈6(352)〉. (6.15)

It follows that up to weight 18 and width 3 the required plethysm takes the form

〈2(21)〉 ⊗ {21} = 〈6(241)〉 + 〈6(241)∗〉 + 〈6(251)〉 + 〈6(3214)〉 + 2〈6(32212)〉
+2〈6(32212)∗〉 + 〈6(323)〉 + 〈6(323)∗〉 + 6〈6(32312)〉 + 4〈6(324)〉
+4〈6(324)∗〉 + 3〈6(325)〉 + 〈6(3213)〉 + 〈6(3213)∗〉 + 3〈6(3221)〉
+3〈6(3221)∗〉 + 8〈6(32213)〉 + 12〈6(32221)〉 + 12〈6(32221)∗〉
+16〈6(32231)〉 + 8〈6(3312)〉 + 8〈6(3312)∗〉 + 7〈6(332)〉 + 7〈6(332)∗〉
+24〈6(33212)〉 + 16〈6(3322)〉 + 16〈6(3322)∗〉 + 9〈6(3323)〉 + 13〈6(341)〉
+13〈6(341)∗〉 + 25〈6(3421)〉 + 6〈6(35)〉 + 6〈6(35)∗〉 + 6〈6(352)〉 + · · ·

(6.16)
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where the terms have now been arranged in mutually associated pairs of irreducible rep-
resentations together with self-associate irreducible representations, so as to illustrate in
accordance with proposition 5.5 the self-associate nature of this particular plethysm.

7. The analogy betweenSp(2n,R) and SO(2n)

In SO(2n) there exists the basic spin representation1 = 1+ +1− which is a direct sum
of the two irreducible representations1+ and1− whose branchings fromSO(2n) to U(n)
take the form

1+ → ε−1/2
∑
x=0

{1n−2x} (7.1a)

1− → ε−1/2
∑
x=0

{1n−1−2x}. (7.1b)

As we have seen forSp(2n,<) there exists the basic harmonic representation1̃ = 1̃++1̃−
which is a direct sum of the two irreps̃1+ and1̃− whose branchings (2.10) fromSp(2n,<)
to U(n) can be written in a form strikingly similar to (7.1):

1̃+ → ε1/2
∑
x=0

{2x} (7.2a)

1̃− → ε1/2
∑
x=0

{2x + 1}. (7.2b)

Moving to symmetrized squares, forSO(2n) we have [27]

1+ ⊗ {2} = [1n]+ +
∑
x=0

[1n−4−4x ] (7.3a)

1+ ⊗ {12} =
∑
x=0

[1n−2−4x ] (7.3b)

1− ⊗ {2} = [1n]− +
∑
x=0

[1n−4−4x ] (7.3c)

1− ⊗ {12} =
∑
x=0

[1n−2−4x ] (7.3d)

while for Sp(2n,<) the analogous symmetrized squares take the form [14]

1̃+ ⊗ {2} = 〈1(0)〉 +
∑
x=0

〈1(4+ 4x)〉 (7.4a)

1̃+ ⊗ {12} =
∑
x=0

〈1(2+ 4x〉 (7.4b)

1̃− ⊗ {2} =
∑
x=0

〈1(2+ 4x〉 (7.4c)

1̃− ⊗ {12} = 〈1(1)〉 +
∑
x=0

〈1(4+ 4x)〉. (7.4d)

Moving to symmetrized cubes forSO(2n) it is straightforward to show from previously
published results [27] that we have

1+ ⊗ {3} =
∑
x=0

11∑
y=0

(my + x)[1; 1n−y−12x ](−)y with m = (100010101110) (7.5a)

1+ ⊗ {21} =
∑
x=0

5∑
y=0

(my + x)[1; 1n−y−6x ](−)y with m = (0010111) (7.5b)
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1+ ⊗ {13} =
∑
x=0

11∑
y=0

(my + x)[1; 1n−y−12x ](−)y with m = (000100110111) (7.5c)

1− ⊗ {3} =
∑
x=0

11∑
y=0

(my + x)[1; 1n−y−12x ]−(−)y with m = (100010101110) (7.5d)

1− ⊗ {21} =
∑
x=0

5∑
y=0

(my + x)[1; 1n−y−6x ]−(−)y with m = (0010111) (7.5e)

1− ⊗ {13} =
∑
x=0

11∑
y=0

(my + x)[1; 1n−y−12x ]−(−)y with m = (000100110111). (7.5f)

Encouraged by the analogy between (7.1) and (7.2), and that between (7.3) and (7.4), it
seems appropriate to ask if there is a correspondingSp(2n,<) analogue of (7.5). The
existence of such an analogue appears to be borne out by recent calculations [17].

As a warm-up exercise we consider the symmetrized squares of the metaplectic
representatioñ1. It follows from (2.14) withk = 2 that

1̃⊗ {ρ} =
∑
λ

bλρ〈1(λ)〉 (7.6)

whereρ = (2) or (12) and λ is necessarily constrained to be either (0),(12) = (0)∗, or
(m) = (m)∗ for m > 1, where∗ signifies 2-associates so that(m) is self-associate. The
coefficientsbλρ are determined by the branching rule (2.16) applied toO(2)→ S2:

[0] → (2) [0]∗ → (12) and [m] → (2)+ (12) (7.7)

where these branchings can be obtained by noting from (2.17) that

[m] → (12)⊗ {m/G} = (12)⊗ ({m} + {m− 1}) = (12)m + (12)m−1 (7.8)

and the fact that(12)n = (2) for n even and(12)n = (12) for n odd.
It then follows from (2.14) that

1̃⊗ {2} = 〈1(0)〉 +
∑
m=1

〈1(m)〉 (7.9a)

1̃⊗ {12} = 〈1(0)〉∗ +
∑
m=1

〈1(m)〉. (7.9b)

The problem of evaluating symmetrized cubes of1̃ may be tackled in the same way.
For this casek = 3 and it is only necessary to consider only theO(3) irreps [λ] = [0],
[13] = [0]∗ and [m] and [m, 1] = [m]∗ = [m][0]∗ with m = 1, 2, . . . and their branching to
S3. Under the restrictionO(3)→ S3 we have [0]→ (0) and [0]∗ = [13] → (13), while the
analogue of (7.8) is

[m] → (21)⊗ {m/G} = (21)⊗ ({m} + {m− 1})
= (21)⊗ {m} + (21)⊗ {m− 1}. (7.10)
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However,

(21)⊗ {n} =



(1+ x).(3)+ 2x.(21)+ x.(13) for n = 0+ 6x

x.(3)+ (1+ 2x).(21)+ x.(13) for n = 1+ 6x

(1+ x).(3)+ (1+ 2x).(21)+ x.(13) for n = 2+ 6x

(1+ x).(3)+ (1+ 2x).(21)+ (1+ x).(13) for n = 3+ 6x

(1+ x).(3)+ (2+ 2x).(21)+ x.(13) for n = 4+ 6x

(1+ x).(3)+ (2+ 2x).(21)+ (1+ x).(13) for n = 5+ 6x

so that

(21)⊗ ({m} + {m− 1})

=



(1+ 2x).(3)+ 4x.(21)+ 2x.(13) m = 0+ 6x

(1+ 2x).(3)+ (1+ 4x).(21)+ 2x.(13) m = 1+ 6x

(1+ 2x).(3)+ (2+ 4x).(21)+ 2x.(13) m = 2+ 6x

(2+ 2x).(3)+ (2+ 4x).(21)+ (1+ 2x).(13) m = 3+ 6x

(2+ 2x).(3)+ (3+ 4x).(21)+ (1+ 2x).(13) m = 4+ 6x

(2+ 2x).(3)+ (4+ 4x).(21)+ (1+ 2x).(13) m = 5+ 6x.

(7.11)

Hence

[m] →
(

1+
[
m

3

])
(3)+

(
m−

[
m

3

])
(21)+

([
m

3

])
(13). (7.12)

Since [0]∗ → (13) and multiplication by (13) in S3 simply involves conjugation, we have

[m]∗ →
([
m

3

])
(3)+

(
m−

[
m

3

])
(21)+

(
1+

[
m

3

])
(13). (7.13)

This completes the derivation of theO(3) ⊃ S3 branching rules:

[0] → (3) (7.14a)

[0]∗ → (13) (7.14b)

[m] →
(

1+
[
m

3

])
(3)+

(
m−

[
m

3

])
(21)+

([
m

3

])
(13) (7.14c)

[m]∗ →
([
m

3

])
(3)+

(
m−

[
m

3

])
(21)+

(
1+

[
m

3

])
(13). (7.14d)

It then follows from (2.15) and (2.16) that

1̃⊗ {3} =
∑
m=0

(
1+

[
m

3

])
〈 32(m)〉 +

([
m

3

])
〈 32(m)〉∗ (7.15a)

1̃⊗ {21} =
∑
m=0

(
m−

[
m

3

])
〈 32(m)〉 +

(
m−

[
m

3

])
〈 32(m)〉∗ (7.15b)

1̃⊗ {13} =
∑
m=0

([
m

3

])
〈 32(m)〉 +

(
1+

[
m

3

])
〈 32(m)〉∗. (7.15c)
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However,

1̃⊗ {3} = (1̃+ ⊗ {3} + 1̃+(1̃− ⊗ {2}))+ (1̃− ⊗ {3} + (1̃+ ⊗ {2})1̃−) (7.16a)

1̃⊗ {21} = (1̃+ ⊗ {21} + 1̃+(1̃− ⊗ {2})+ 1̃+(1̃− ⊗ {12}))
+(1̃− ⊗ {21} + (1̃+ ⊗ {2})1̃− + (1̃+ ⊗ {12})1̃−) (7.16b)

1̃⊗ {13} = (1̃+ ⊗ {13} + 1̃+(1̃− ⊗ {12}))+ (1̃− ⊗ {13} + (1̃+ ⊗ {12})1̃−) (7.16c)

where each expression has been separated into the sum of two parts, the first of which
consists of even weight terms and the second of odd weight terms. Moreover,

1̃+(1̃− ⊗ {2}) =
∑

i>0,j>0

〈 32(2+ 2i + 4j)〉 + 〈 32(3+ 2i + 4j)〉∗ (7.17a)

1̃+(1̃− ⊗ {12}) =
∑

i>0,j>0

〈 32(4+ 2i + 4j)〉 + 〈 32(1+ 2i + 4j)〉∗ (7.17b)

1̃−(1̃− ⊗ {2}) =
∑

i>0,j>0

〈 32(1+ 2i + 4j)〉 + 〈 32(4+ 2i + 4j)〉∗ (7.17c)

1̃−(1̃− ⊗ {12}) =
∑

i>0,j>0

〈 32(3+ 2i + 4j)〉 + 〈 32(2+ 2i + 4j)〉∗. (7.17d)

Since, ∑
i>0,j>0

〈 32(a + 2i + 4j)〉 =
∑

m>a,m≡amod 2

[
m+ 4− a

4

]
〈 32(m)〉 (7.18)

it then follows that

1̃+(1̃− ⊗ {2}) =
∑
m even

[
m+ 2

4

]
〈 32(m)〉 +

∑
m odd

[
m+ 1

4

]
〈 32(m)〉∗ (7.19a)

1̃+(1̃− ⊗ {12}) =
∑
m even

[
m

4

]
〈 32(m)〉 +

∑
m odd

[
m+ 3

4

]
〈 32(m)〉∗ (7.19b)

1̃−(1̃+ ⊗ {2}) =
∑
m odd

[
m+ 3

4

]
〈 32(m)〉 +

∑
m even

[
m

4

]
〈 32(m)〉∗ (7.19c)

1̃−(1̃+ ⊗ {12}) =
∑
m even

[
m+ 1

4

]
〈 32(m)〉 +

∑
m odd

[
m+ 2

4

]
〈 32(m)〉∗. (7.19d)

Combining the results (7.16), (7.17) and (7.19) and taking care to distinguish even and odd
weight terms (7.16) we then have

1̃+ ⊗ {3} =
∑
m even

(
1+

[
m

3

]
−
[
m+ 2

4

])
〈 32(m)〉

+
∑
m odd

([
m

3

]
−
[
m+ 1

4

])
〈 32(m)〉∗ (7.20a)

1̃− ⊗ {3} =
∑
m odd

(
1+

[
m

3

]
−
[
m+ 3

4

])
〈 32(m)〉 +

∑
m even

([
m

3

]
−
[
m

4

])
〈 32(m)〉∗ (7.20b)

1̃+ ⊗ {21} =
∑
m even

(
m−

[
m

3

]
−
[
m

4

]
−
[
m+ 2

4

])
〈 32(m)〉

+
∑
m odd

(
m−

[
m

3

]
−
[
m+ 1

4

]
−
[
m+ 3

4

])
〈 32(m)〉∗ (7.20c)
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1̃− ⊗ {21} =
∑
m odd

(
m−

[
m

3

]
−
[
m+ 1

4

]
−
[
m+ 3

4

])
〈 32(m)〉

+
∑
m even

(
m−

[
m

3

]
−
[
m

4

]
−
[
m+ 2

4

])
〈 32(m)〉∗ (7.20d)

1̃+ ⊗ {13} =
∑
m even

([
m

3

]
−
[
m

4

])
〈 32(m)〉 +

∑
m odd

(
1+

[
m

3

]
−
[
m+ 3

4

])
〈 32(m)〉∗ (7.20e)

1̃− ⊗ {13} =
∑
m odd

([
m

3

]
−
[
m+ 1

4

])
〈 32(m)〉

+
∑
m even

(
1+

[
m

3

]
−
[
m+ 2

4

])
〈 32(m)〉∗. (7.20f)

Since [
(y + 12x)

3

]
−
[
y + 12x + a

4

]
= x +

[
y

3

]
−
[
y + a

4

]
(7.21a)

and

(y + 12x)−
[
(y + 12x)

3

]
−
[
y + 12x + a

4

]
−
[
y + 12x + b

4

]
= 2x + y −

[
y

3

]
−
[
y + a

4

]
−
[
y + b

4

]
(7.21b)

for 06 y 6 11 these results (7.20) can be rewritten in the form

1̃+ ⊗ {3} =
∑
x=0

11∑
y=0

(my + x)〈 32(y + 12x)〉(∗)y with m = (100010101110) (7.22a)

1̃− ⊗ {3} =
∑
x=0

11∑
y=0

(my + x)〈 32(y + 12x)〉(∗)y+1
with m = (000100110111) (7.22b)

1̃+ ⊗ {21} =
∑
x=0

11∑
y=0

(my + 2x)〈 32(y + 12x)〉(∗)y with m = (001011112122) (7.22c)

1̃− ⊗ {21} =
∑
x=0

11∑
y=0

(my + 2x)〈 32(y + 12x)〉(∗)y+1
with m = (001011112122) (7.22d)

1̃+ ⊗ {13} =
∑
x=0

11∑
y=0

(my + x)〈 32(y + 12x)〉(∗)y with m = (000100110111) (7.22e)

1̃− ⊗ {13} =
∑
x=0

11∑
y=0

(my + x)〈 32(y + 12x)〉(∗)y+1
with m = (100010101110) (7.22f)

where(∗)z is to be ignored ifz is even and set to be∗ if z is odd.
Clearly, just as (7.4) is analogous to (7.3), so the results (7.22) forSp(2n,<) are

analogous to the results (7.5) forSO(2n). However, the analogy may not be quite what
one might have expected. Forρ any partition ofk 6 3 the correspondence takes the form

1+ ⊗ {ρ} ⇔ 1̃+ ⊗ {ρ} (7.23a)

1− ⊗ {ρ} ⇔ 1̃− ⊗ {ρ ′}. (7.23b)

To be more precise, all our results support the validity of the following closing conjecture.
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Conjecture 7.1.Let ρ be an arbitrary partition ofk and lett take values in the set{−1, 0, 1}.
For SO(2n) let

1+ ⊗ {ρ} =


∑
λ,t

p
ρ
λ,t [m

n/λ′]η(t) for k = 2m even

∑
λ,t

p
ρ
λ,t [1;mn/λ′]η(t) for k = 2m+ 1 odd

(7.24)

where ifk = 2m andλ′1 = m thent = 0 andη(0) is to be omitted, while otherwiset = ±1
with η(1) = + andη(−1) = −. Similarly, for Sp(2n,<) let

1̃+ ⊗ {ρ} =



∑
λ,t

q
ρ
λ,t

〈
1

2
k(λ)

〉ζ(t)
for k = 2m even

∑
λ,t

q
ρ
λ,t

〈
1

2
k(λ)

〉ζ(t)
for k = 2m+ 1 odd

(7.25)

where if 〈 12k(λ)〉 is self-associate so thatk = 2m andλ′1 = m then t = 0 andζ(0) is to
be omitted, while otherwiset = ±1 andζ(1) is to be omitted whileζ(−1) is set to be∗.
Then

p
ρ
λ,t = qρλ,t . (7.26)

It should be stressed that the non-zero terms of (7.24) are necessarily finite in number
by virtue of the requirement that{mn/λ′} be non-vanishing. The same is not true of (7.25)
which, as in (7.4) and (7.20), is expected to always involve an infinite number of terms.

While the corresponding formula for1− ⊗ {ρ} is obtained from (7.24) merely by
replacing every survivingη(±1) = ± by ∓, the corresponding formula for̃1− ⊗ {ρ} is
obtained from (7.25) through the use of the conjugacy formula (5.6) of proposition 5.2:

1̃− ⊗ {ρ} = (1̃+ ⊗ {ρ ′})∗. (7.27)

This is well illustrated not only by (7.4) but also by (7.20).

8. Concluding remarks

In deriving the results obtained in this paper we have had two objectives in mind. First, to
gain further understanding of the properties of the unitary irreducible representations of the
non-compact groupSp(2n,<) and in particular their Kronecker products and plethysms.
Second, to produce results and techniques aimed at eventual application in symplectic
models of many-particle systems. The first objective has been achieved through an
understanding, and proof, of hitherto conjectured properties of Kronecker products and
plethysms of irreducible representations ofSp(2n,<). That process has also generated a
number of new identities involving plethysms of infinite series ofS-functions. Progress with
respect to the second objective has been advanced not only through the derivation of a highly
efficient general formula for the evaluation of arbitrary plethysms, as well as specific results
pertaining to symmetrized squares and cubes, but also through the introduction of associate
irreducible representations ofSp(2n,<) which allow one to compute Kronecker products
and plethysms for particular irreducible representations and then to obtain additional results
for the associate irreducible representations by a simple replacement process, at far less
computational cost than that involved in repeating the entire calculations.
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